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As one of major failure modes of mechanical structures subjected to periodic loads, embedded cracks due to fatigue can cause catastrophic failure of machineries. Understanding the dynamic characteristics of a structure with an embedded crack is helpful for early crack detection and diagnosis. In this work, a new three-segment beam model with local flexibilities at crack tips is developed to investigate the vibration of a cantilever beam with a closed, fully embedded horizontal crack, which is assumed to be not located at its clamped or free end or distributed near its top or bottom side. The three-segment beam model is assumed to be a linear elastic system, and it does not account for the nonlinear crack closure effect; the top and bottom segments always stay in contact at their interface during the beam vibration. It can model the effects of local deformations in the vicinity of the crack tips, which cannot be captured by previous methods in the literature. The middle segment of the beam containing the crack is modeled by a mechanically consistent, reduced bending moment. Each beam segment is assumed to be an Euler-Bernoulli beam, and the compliances at the crack tips are analytically determined using a Jintegral approach and verified using commercial finite element software. Using compatibility conditions at the crack tips and the transfer matrix method, the nature frequencies and mode shapes of the cracked cantilever beam are obtained. The three-segment beam model is used to investigate the effects of local flexibilities at crack tips on the first three natural frequencies and mode shapes of the cracked cantilever beam. A stationary wavelet transform (SWT) method is used to process the mode shapes of the cracked cantilever beam; jumps in single-level SWT decomposition detail coefficients can be used to identify the length and location of an embedded horizontal crack.
& 2016 Elsevier Ltd. All rights reserved.
Introduction
Embedded cracks are one of major failure modes of mechanical structures subjected to periodic loads. The dynamic characteristics and the safety of machineries are greatly affected by cracks due to fatigue. To prevent catastrophic failure of kinks in mode shapes there. A stationary wavelet transform (SWT) method [58, 59 ] is used to process mode shapes of the cracked cantilever beam; it is shown that jumps in single-level SWT decomposition detail coefficients can be used to identify the location and size of an embedded horizontal crack. This study is a first step towards modeling and detecting a slant crack in a beam structure.
Crack-induced local flexibilities at crack tips
A uniform Euler-Bernoulli cantilever beam of length L, height h, and width b with a closed, fully embedded horizontal crack is shown in Fig. 1 , where P is an applied force, X 0 and X 3 are the fixed and free ends of the beam, respectively, and X 1 and X 2 represent the end points of the crack relative to the global X-Y coordinates. The crack length is L 2 and the crack depth from the top surface of the beam is h 1 with 0 oh 1 oh. It is assumed that the center of the crack is located at X c with L 2 / 2 oX c oL À L 2 /2. The beam is divided into three segments of lengths L 1 , L 2 , and L 3 , which are separated by the end points of the crack.
The equivalent crack-induced rotational flexibilities of cross-sections of the beam at the two crack tips are analytically determined here using a J-integral approach. The beam is divided into two parts at the center of the crack, as shown in Fig. 2 , where P 1 and P 2 are the shear forces on the edges EF and AB, respectively, M 1 and M 2 are the bending moments at EF and AB, respectively, and N 1 and N 2 are the axial forces acting at the centroids of the top and bottom cross-sections of the beam at the center of the crack, respectively. The J-integrals along the contours of the left (FEDCBA) and right (ABCDEF) parts of the beam are determined in what follows. The local coordinates for the left and right parts of the beam are shown in Fig. 2 .
According to Rice's method [48] , a J-integral is given by
where the Einstein summation convention is used; W is the strain energy density; Γ is a curve surrounding a crack tip; T i ¼σ ij n j are components of the traction vector, in which σ ij , with i, j¼1, 2 for a planar problem, are stress components, and n j are components of the outward normal along Γ; u i are components of the displacement vector; dY is a length element along the Y r or Y l axis in the local coordinates, as shown in Fig. 2 ; and ds is an arc length element along Γ. For the right part of the beam in Fig. 2(b) , the Jintegral along the contour ABCDEF is the sum of line integrals along segments AB, BC, CD, DE, and EF of the contour:
where the superscript r denotes the right part. For segments BC and DE, dY¼0 and T i ¼ 0; hence
For segment AB, one has
where
in which σ r xx2 and τ r xy2 are the normal and shear stresses on segment AB, respectively, ε r xx2 and γ r xy2 are the normal and shear strains of segment AB, respectively, and the subscript 2 denotes the stress and strain components associated with segment AB. They are given by
where E and G are the elastic and shear moduli of the beam, respectively, A b is the cross-sectional area of the bottom segment of X 1 X 2 , I b is the cross-sectional area moment of inertia of the bottom segment of X 1 X 2 about its centroidal axis, X and Y are the displacements in the X and Y directions, respectively, S(Y)¼YdA, in which dA is an element area, and u r 1 and u r 2 are the deflections of the bottom segment of X 1 X 2 in the X and Y directions, respectively. The relationship between the deflections in the X and Y directions is [60] 
where the superscript 0 denotes deflections along the centroidal axis of the bottom segment of X 1 X 2 . Differentiating Eq. (7) with respect to Y yields
∂X∂Y ¼ 0 since the slope of the deflection along the centroidal axis of the bottom segment of X 1 X 2 does not depend on Y. As discussed in Ref. [47] , for the cracked cantilever beam, the deflection angle of the cross-section AB can be assumed to be the sum of the deflection angle of the cross-section at X 1 relative to that at X 0 and the deflection angle of the crosssection at X c relative to that at X 1 :
where a ¼0.5L 2 (Fig. 1 ). Then
The traction vector components for segment AB are given by
Use of Eqs. (5)- (10) in Eq. (4) yields
Similarly, the line integral along segment EF is
where A t is the cross-section area of the top segment of X 1 X 2 , and I t is the cross-sectional area moment of inertia of the top segment of X 1 X 2 about its centroidal axis. For segment CD
r xy4 (15) in which the subscript 4 denotes the stress and strain components associated with segment CD. The normal stress, normal strain, shear stress, and shear strain for segment CD are given by
The rotational angle of the cross-section CD is assumed to be the sum of the rotational angle of the cross-section at X 1 relative to that at X 0 , the rotational angle of the cross-section at X 2 relative to that at X 1 for either the top or bottom segment of X 1 X 2 since the top and bottom segments have the same rotational angles at X 1 and X 2 , and the rotational angle of the cross-section at X 3 relative to that at X 2 :
The traction vector components T i for segment CD are given by
Use of Eqs. (15)- (18) in Eq. (14) yields
By a static FE analysis [31, 47] and experimental validation [31] , one can find that the curvature of the static deflection of a cantilever beam at the center of a horizontal crack is the same as that of the corresponding beam without the crack:
where Y t and Y b are the displacements of the top and bottom segments of X 1 X 2 , respectively, and Y h is the displacement of the corresponding beam without the crack. Hence
Consequently, one has
By moment balance of the right part of the beam at point B, one has
Hence
By force balance of the right part of the beam in the Y direction, one has
By deflection compatibility of the beam at the cross-section at X 2 , i.e., the deflection along the centroidal axis of the top segment of X 1 X 2 in the Y direction at X 2 relative to that at X 1 is the same as the deflection along the centroidal axis of the bottom segment of X 1 X 2 in the Y direction at X 2 relative to that at X 1 , one has
By Eqs. (24)- (26), one has
Substituting Eqs. (3), (12), (13), (17), (19) , (21), (23), and (27) into Eq. (2) yields
The change in the strain energy caused by the horizontal crack is [19] 
By Castigliano's theorem [22, 23, 61, 62] , the additional rotation θ caused by the horizontal crack at the cross-section at X 2 can be obtained:
where M r ¼ ÀPðL Àðx C þaÞÞ is the bending moment at the cross-section at X 2 . By Eqs. (28) and (30), the equivalent rotational flexibility coefficient of the cross-section at X 2 is
The rotational flexibility of the cross-section at X 2 can be modeled by a compliance c 2 .
Proceeding in a similar manner, one can obtain the J-integral along the contour FEDCBA of the left part of the beam (see Appendix A for more details):
which is the same as that in Eq. (28) . The additional rotation θ caused by the horizontal crack at the cross-section at X 1 is
where M l ¼ ÀPðL Àðx C À aÞÞ is the bending moment at the cross-section at X 1 . The equivalent rotational flexibility of the cross-section at X 1 is
The rotational flexibility of the cross-section at X 1 can be modeled by a compliance c 1 . It can be seen from Eqs. (31) and (34) that c 1 ¼c 2 ¼0 when a ¼0 or h 1 ¼0, as expected, and c 1 4c 2 . The nondimensional compliances are c
Free vibration analysis of a three-segment beam model
When the crack remains closed, the top and bottom segments of X 1 X 2 have the same transverse displacements, but they can slide over each other in the axial direction except at their ends [16] . Hence the top and bottom segments of X 1 X 2 can be considered as one beam segment whose cross-sectional area moment of inertia is the sum of those of the top and bottom segments. Under the assumption that the ratio of the length of each beam segment to its height is relatively large, the cantilever beam with a closed, embedded horizontal crack can be modeled as a three-segment beam with local flexibilities at X 1 and X 2 , whose compliances are c 1 and c 2 , respectively, as shown in Fig. 3 , and each beam segment can be modeled as an Euler-Bernoulli beam. The transverse displacement of the kth (k¼1, 2, 3) segment of the beam is denoted by Y k (X, T) with
According to Euler Bernoulli beam theory [12, 16, [25] [26] [27] [28] , the equations of motion of the three beam segments are given by
where I is the cross-sectional area moment of inertia of the first and third segments of the beam, ρ is their mass density, A is their cross-sectional area, and A t þA b ¼A has been used in Eq. (36) . Note that I t þI b oI; hence the middle beam segment has a reduced cross-sectional area moment of inertia. Consequently, E(I t þI b )oEI; hence the middle beam segment has a reduced bending moment. The boundary conditions of the beam are [26, 27 ]
The continuity conditions at the cross-sections at X 1 and X 2 are [16]
Schematic of a three-segment beam model with compliances c 1 and c 2 at crack tips.
The compatibility conditions of bending moments at X 1 and X 2 are
The following nondimensional quantities are introduced:
Let t ¼ ffiffiffiffiffiffiffi ffi
Eqs. (35) and (36) become
Let y k x; t ð Þ¼w k x ð Þe jωt , where ω is the natural frequency, and w k (x) is the mode shape of the kth segment of the beam, Eqs. (41) and (42) become
Þ ; the continuity and compatibility conditions in Eqs. (38) and (39) become
The general solution of Eq. (43) for each segment of the beam is
where A 
Let 
Furthermore, the boundary conditions in Eq. (37) are reduced to
Applying the boundary conditions in Eq. (54) to Eq. (46) yields
Applying the boundary conditions in Eq. (55) to Eq. (46) yields 
Substituting Eq. (53) into (59) 
Let
Use of Eqs. (56), (61), and (62) yields
Existence of a non-trivial solution of Eq. (63) requires
which is the frequency equation of the three-segment beam model f(ω)¼0. The natural frequencies of the beam ω n , where n is the mode number, can be obtained from the frequency equation using Newton-Raphson method. The initial guesses of ω n are chosen to be close to the roots of the frequency equation, which can be obtained by plotting the function f(ω) and finding the approximate roots of f(ω)¼0. By Eqs. (48)- (53), (61), and (64), and assuming B 
Verification of the J-integrals
To verify the analytical expressions of the J-integrals in Eqs. (28) and (32), nondimensional numerical results of the Jintegrals surrounding the two crack tips are calculated using commercial FE software [57] . Two-dimensional (2D) singular elements PLANE183, which are six-node shell elements with two degrees of freedom at each node, are used around the crack tips of the cantilever beam. The other parts of the beam are modeled using 2D plane strain solid elements PLANE42. The FE model of a cracked cantilever beam is shown in Fig. 4 . The parameters used are P¼1, E¼1, h/L¼0.05, and L 2 /L¼0.1, with various ratios of X c /L and h 1 /h; the Poisson's ratio of the beam is assumed to be ν¼0.3. Table 1 shows the comparison of the nondimensional plane stress results of the J-integrals corresponding to the right and left crack tips from the FE method, which are obtained by dividing the calculated plane strain ones by 1 Àν 2 , and the nondimensional results of the J-integrals corresponding to the right and left crack tips defined by
where J r and J l are determined by Eqs. (28) and (32), respectively. Since there are small differences between the FE results of the J-integrals corresponding to the right and left crack tips, their mean values are compared with the analytical results. The numerical results show that the differences between the two methods are less than 3.8%, which demonstrates that Eqs. (28) and (32) are valid for Euler-Bernoulli beam segments. Since the top and bottom segments are assumed to have the same transverse displacements and they can slide over each other in the axial direction except at their ends, the stress intensity factors K II from the FE and proposed methods are compared to verify the proposed J-integral approach, as shown in Table 2 . The results show that the differences between the two methods are less than 2%, which further demonstrates that the proposed Jintegral approach is valid for Euler-Bernoulli beam segments.
Effect of local flexibilities at crack tips on natural frequencies and mode shapes of a cracked cantilever beam
Consider a cracked cantilever beam with L ¼600 mm, h ¼b¼10 mm, E ¼2.06 Â 10 11 N/m 2 , and ρ¼7800 kg/m 3 . The first three natural frequencies of the beam without the crack are ω 01 ¼23.060 Hz, ω 02 ¼144.516 Hz, and ω 03 ¼404.649 Hz. The ratios of the first three natural frequencies of the three-segment beam and the corresponding one without local flexibilities at the crack tips to those of the beam without the crack are compared, as shown in Table 3 . While the natural frequencies from the three-segment beam models with and without local flexibilities at the crack tips decrease with the length and depth of the crack, the differences between the natural frequencies from the three-segment beam models with and without local flexibilities at the crack tips range from 0.048% to 2.949%. Fig. 5 shows the comparison of the first three normalized mode shapes of the cracked cantilever beam with X 1 /L¼0.25, h 1 /h¼0.4, and L 2 /L¼0.1 from the three-segment beam models with and without local flexibilities at the crack tips (a-c) and their single-level SWT decomposition detail coefficients [58, 59] calculated using the MATLAB program SWT (d-f); the crack is located between points A and B, and the normalized mode shapes from the three-segment beam model without local flexibilities at the crack tips can be obtained from the results in Section 3 with c 1 ¼c 2 ¼0. The differences between the first three normalized mode shapes from the two models in Fig. 5(a-c) increase with the crack length, as well as those between the corresponding SWT decomposition detail coefficients of the three mode shapes in (d-f). The effects of the local flexibilities at the crack tips on the first three mode shapes and their SWT decomposition detail coefficients increase with the crack length. Hence, the local flexibilities at the crack tips should be considered in the cantilever beam model.
Effects of the crack length, location, and depth on the mode shapes of the cracked cantilever beam
The effects of the crack length, location, and depth on single-level SWT decomposition detail coefficients of the first three normalized mode shapes of the cracked cantilever beam are shown in Figs. 6-8 , respectively. The crack lengths and locations can be clearly and directly identified from kinks in the single-level SWT decomposition detail coefficients of the first three normalized mode shapes of the beam, where the cracks are located between points a and b, points a and c, and points a and d in Fig. 6 ; between points a and d, points b and e, and c and f in Fig. 7 ; and between points a and b in Fig. 8 . It can be seen that the amplitudes of the kinks slightly increase with the crack depth in Fig. 8 .
Experimental validation and numerical verification
To validate the three-segment beam model, a cracked acrylonitrile butadiene styrene beam of length 111.4 mm, height 5.2 mm, and width 10.5 mm is made by a 3D printer, as shown in Fig. 9(a) . The length, height, and width of a horizontal, rectangular crack are 16.6 mm, 0.3 mm, and 10.5 mm, respectively, as shown in Fig. 9(b) . The distance between the left end of the crack and the fixed end of the beam is 53.1 mm, and that between the top surface of the crack and the top surface of beam is 2.6 mm.
An experimental setup is shown in Fig. 10 . An operational modal analysis with non-contact excitation and measurement is performed on the cracked beam. An electric speaker is used to generate acoustic excitation to the beam. Two Doppler laser vibrometers are used to measure the response of the beam: Laser 1 and Laser 2 measure velocities of measurement points Table 1 Comparison of the nondimensional results of the J-integrals corresponding to the right and left crack tips from the FE method and Eqs. (28) and (32) and the velocity of a reference point on the beam, respectively. There are totally 129 measurement points on the beam, which are evenly distributed along the length of beam. The third natural frequency and mode shape of the cracked beam are measured using Operational PloyMax of LMS Test. Lab Rev. 9b. The third natural frequencies form the experiment, the FE model, and the three-segment beam model are 1608 Hz, 1604.3 Hz, and 1600.7 Hz, respectively. The difference between the third natural frequency from the FE model and the experiment is À 0.25%, and that between the three-segment beam and the experiment is À0.45%. The fourth natural frequency form the experiment, the FE model, and the three-segment beam model are 3124.2 Hz, 3179 Hz, and 2966.8 Hz, respectively. The difference between the natural frequency from the FE model and the experiment is 1.72%, and that between the three-segment beam and the experiment is À5.03%. Fig. 11 shows the third and fourth normalized mode shapes from the experiment, the FE model, and the three-segment beam model and their SWT decomposition detail coefficients. The third and fourth normalized mode shapes and their SWT decomposition detail coefficients from the experiment agree very well with those from the FE model, and they are similar in shape to those from the three-segment beam model. The spatial regions with abrupt changes of the SWT decomposition detail coefficients of the third and fourth normalized mode shape from the experiment, the FE model, and the three-segment beam model correspond to the crack region, as shown in Fig. 11(c and d) , which can be used to identify the crack length and location. The results from the experiment and the FE model validate and verify to some extent the three-segment beam model, respectively. Note that the results from the FE model are overall closer to those from the experiment than the three-segment beam model. One reason is that there is a non-zero height of the crack in the experiment and the FE model, which is not considered in the threesegment beam model. Note also that the proposed analytical method is useful even though the FE method is available. For example, such an analytical model can be easily implemented and run on a broad range of computational platforms, requiring minimal computational resources such as dedicated software, while also executed at minimal computational costs compared with the computational resources and costs required to run a fully tested FE model that can yield reliable convergent solutions.
Conclusion
A new three-segment beam model with local flexibilities at crack tips is developed to investigate the vibration of a cantilever beam with a closed, fully embedded horizontal crack. The effect of the crack is modeled by local flexibilities at the crack tips and a reduced bending moment of the middle segment of the beam containing the crack. The compliances at the Table 3 Comparison between the first three natural frequencies from the three-segment beam models with and without local flexibilities at the crack tips. crack tips are analytically determined using a J-integral approach. The natural frequencies and mode shapes of the threesegment beam with local flexibilities at the crack tips are derived using compatibility conditions at the crack tips and the transfer matrix method. The following conclusions can be obtained from this study:
1) The values of the J-integrals along the contours of the left and right parts of the beam are the same for Euler-Bernoulli beam segments. The equivalent rotational flexibility of the cross-section of the beam at the left crack tip is larger than that at the right tip. The differences between the J-integral results from the analytical and FE methods are less than 3.8%. The differences between the stress intensity factors K II from the analytical and FE methods are less than 2%. 2) The differences between the natural frequencies from the three-segment beam models with and without local flexibilities at the crack tips range from 0.048% to 2.949%. 3) The differences between the first three normalized mode shapes from the three-segment beam models with and without local flexibilities at the crack tips increase with the crack length, as well as those between the corresponding SWT decomposition detail coefficients of the three mode shapes. The local flexibilities at the crack tips should be considered in the cantilever beam model. 4) The regions of abrupt changes of single-level SWT decomposition detail coefficients of normalized mode shapes of the cracked cantilever beam correspond to the crack region, which can be used to identify the length and location of a closed, fully embedded horizontal crack. 
